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 resonator in 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Sound emergene in larinetlike instruments is investigated in terms of instability of the stati regime.
Various models of reed-bore oupling are onsidered, from the pioneering work of Wilson and Beavers
[Operating modes of the larinet, J. Aoust. So. Am. 56, 653658 (1974)℄ to more reent modeling
inluding visothermal bore losses and vena ontrata at the reed inlet. The pressure threshold above
whih these models may osillate as well as the frequeny of osillation at threshold are alulated. In
addition to Wilson and Beavers' previous onlusions onerning the role of the reed damping in the
seletion of the register the instrument will play on, the inuene of the reed motion indued ow is
also emphasized, partiularly its eet on playing frequenies, ontributing to redue disrepanies
between Wilson and Beavers' experimental results and theory, despite disrepanies still remain
onerning the pressure threshold. Finally, analytial approximations of the osillating solution
based on Fourier series expansion are obtained in the viinity of the threshold of osillation. This
allows to emphasize the onditions whih determine the nature of the bifuration (diret or inverse)
through whih the note may emerge, with therefore important onsequenes on the musial playing
performanes.
PACS numbers: 43.75.Pq [NHF℄
I. INTRODUCTION
Sound prodution in reed wind musial instruments is
the result of self-sustained reed osillation. The mehan-
ial osillator, the reed, ats as a valve whih modulates
the air ow entering into the instrument, by opening and
losing a narrow slit dened between the tip of the reed it-
self and the lay of the mouthpiee. The phenomenon thus
belongs to the lass of ow-indued vibrations, whih has
been extensively studied both theoretially and experi-
mentally (see, for example, Blevins
1
). Various regimes
an our in suh systems: stati regime, periodi osil-
lating regimes, and even omplex haoti behaviors.
A rst step to study this kind of osillator, is to ana-
lyze the stability of the trivial solution, the equilibrium
position of the reed, in order to nd a threshold of insta-
bility assoiated with a set of ontrol parameters dening
the embouhure (reed, mouthpiee, and player) and the
instrument itself. As an output of the threshold analysis,
a mouth pressure threshold an be found. It is relevant
for the musial playing performane: An estimation of
the threshold value is a rst evaluation of the ease of
playing. In this paper the threshold of instability of the
reed of a larinetlike system is rstly investigated theo-
retially by revisiting the important pioneering work of
Wilson and Beavers
2
. Seond, small osillations beyond
the instability threshold are onsidered.
To answer the question whether the reed equilibrium
is stable or not, several theoretial methods are available
and have been used to study reed wind instruments. Us-
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ing the feedbak loop analogy, it is known as the free
osillation linear stability problem in a losed loop ob-
tained when the nonlinear omponent of the loop is lin-
earized around the trivial solution. Then the linear sta-
bility of the reed an be studied with respet to eah
resonane of the input impedane of the resonator in fre-
queny domain (see, for example, Refs. 3, 4, 5, 6, 7 and 8
for reed instruments, Ref. 9 for lip-reed instruments and
Ref. 10 for a generi type of reeds). Using the dynam-
ial system representation where eah resonane of the
resonator is desribed as a simple seond order osillator
in time domain, the linear stability analysis requires to
solve eigenvalue problems and to analyze the sign of the
eigenvalues real part (see, for example, Ref. 11 for lip-
reed instruments and Ref. 12 for voal folds). The the-
oretial results an then be ompared with experimental
ones oming from artiial mouths by playing them as
gently as possible (see, for example, Refs. 2, 3, 13 and 14
for reed instruments; Ref. 11 for lip reed instruments;
and Refs. 12, 15, 16 and 17 for vibrating voal folds).
The rst attempt to derive theoretially the spetrum of
reed instruments beyond the instability threshold is due
to Worman
18
. His results were at the origin of several
works suh as Refs. 19, 20, 21.
Despite a rather simple desription of physial phe-
nomenon, pioneer theoretial and experimental results
onerning mouth pressure and frequeny at osillation
threshold were obtained by Wilson and Beavers
2
, show-
ing the important role of reed damping determining the
larinetlike or lingual pipe organlike behaviour.
The theory of Wilson and Beavers (hereafter denoted
WB) is presented and disussed in Se. II. Then, model
improvements from literature are added in the theory in
order to try to redue disrepanies between WB exper-
iments and the theoretial results (Se. III). Setion IV
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is devoted to a study of small osillations beyond the
instability threshold aording to the diret bifuration
behavior of the larinetlike instruments. Finally perspe-
tives are disussed in Se. V.
II. WILSON AND BEAVERS THEORY
The model and the prinipal results of WB are re-
minded. Partiular attention is brought to the numerial
estimation of thresholds when the frequeny approahes
the reed resonane frequeny, where some disrepanies
with WB results are found. Finally the eet of the reed
damping on playability is emphasized.
A. Basi physial model
The physial model used by WB is reviewed with some
omments related to more reent literature. It is based
on the desription of three separate elements: the reed,
the bore, and the airow. The model used here is las-
sial and extremely simplied, but is also proven to be
eient in order to reprodue self sustained osillations
(for sound synthesis examples, see Refs. 22 and 23). Ad-
ditional elements will be disussed in the next setion.
1. Reed
Based on the fat that reed displaement ours in the
vertial diretion mainly without torsion, WB, among
many authors, assumed a single degree of freedom mo-
tion. Reed-lip-mouthpiee system is thus modeled as a
lumped seond-order mehanial osillator with stiness
per unit area K, damping parameter qr, and natural an-
gular frequeny ωr, driven by the pressure drop Pm−p(t)
aross the reed, with an inward striking behavior:
d2y
dt2
+ qrωr
dy
dt
+ ω2r (y(t)− y0) =
ω2r
K
(p(t)− Pm) , (1)
p(t), Pm, y(t), and y0, being the mouthpiee pressure,
the blowing pressure, the tip opening [denoted a(t) in
WB's paper
2
℄, and the tip opening without any pressure
dierene, respetively. Pm is assumed to be onstant.
Avanzini et al.
24
numerially showed that this lumped
model is valid for a small vibration theory where only the
interation between bore resonanes and the rst exu-
ral mode of the reed is investigated. Measured transfer
funtions of a reed mounted on a mouthpiee also show
a two degree of freedom response
25
.
2. Bore
The behavior of the aoustial resonator is determined
by an input impedane relationship between aousti
quantities in the mouthpiee [aousti pressure p(t) and
volume ow u(t), or P (ω) and U(ω), respetively, in
the frequeny domain℄. WB assumed, for a ylindrial
bore representing a simplied larinet body, an expres-
sion given by Bakus
3
:
Ze(ω) = P (ω)
U(ω)
= jZc
1
1− j
2Q
tan
(
ωL
c
(
1− j
2Q
))
,
(2)
where j2 = −1. c, ρ, L, S and Zc = ρc/S are the wave
speed in free spae, density of air, bore length, bore ross
setion, and harateristi impedane, respetively. The
quality fator Q is assumed by WB to be frequeny in-
dependent, implying a damping proportional to the fre-
queny.
As it will be seen later, this assumption an be dis-
ussed, and improved models will be used, beause pres-
sure thresholds are strongly inuened by bore losses
(whih are diretly linked to the value of parameter Q).
3. Airow
As noted by Hirshberg
26
, in the ase of larinetlike
instruments, the ontrol of the volume ow by the reed
position is due to the existene of a turbulent jet. Indeed,
a jet is supposed to form in the mouthpiee (pressure
pjet) after ow separation from the walls at the end of
the (very short) reed hannel. Negleting the veloity
of air ow in the mouth ompared to the jet veloity
vjet and assuming a downward air ow (vjet > 0), the
Bernoulli theorem applied between the mouth and the
reed hannel
26
leads to
Pm = pjet +
1
2
ρv2jet. (3)
Assuming a retangular aperture of width W and height
y(t), the volume ow u aross the reed hannel an be
expressed as follows:
u(t) = Wy(t)
√
2
ρ
√
Pm − pjet(t). (4)
Sine the ross setion of the mouthpiee is large om-
pared to the ross setion of the reed hannel, it an be
assumed that all the kineti energy of the jet is dissi-
pated through turbulene with no pressure reovery (like
in the ase of a free jet). Therefore, pressure in the
jet is (assuming pressure ontinuity) the aousti pres-
sure p(t) imposed by the resonator response to the in-
oming volume ow u. This model is orroborated by
experiments
27
. Similar desriptions are used for double-
reed instruments
28
and buzzing lips
29
.
B. Charateristi equation and instability threshold
The onditions for whih self-sustained osillations be-
ome possible are sought, that is, the minimum value of
blowing pressure required for the stati regime to be un-
stable is investigated for a given onguration of the ex-
periment (ωr, qr, and L being xed). Common methods
of linear stability analysis
30
are used in this study, and
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solutions having time dependene exp (jωt) are sought.
Canellation of the imaginary part of ω orresponds to an
osillation that is neither damped nor amplied: it har-
aterizes the instability threshold of stati regime. At-
tention is drawn to the fat that this quantity may dier
from the osillation threshold depending on the nature
of the bifuration, studied in Se. IV.B. As a language
abuse osillation threshold is often used instead of insta-
bility threshold.
Assuming small vibrations around equilibrium state
(mean values of y and p are y0 − Pm/K and 0, respe-
tively), the volume ow relationship (4) is linearized. Di-
mensionless quantities are introdued here: θ, Ye, and D
are the dimensionless frequeny, input admittane and
the reed transfer funtion, respetively.
θ =
ω
ωr
, Ye(θ) = ZcZe(θ) and D(θ) =
1
1 + jqrθ − θ2 . (5)
There are two dimensionless ontrol parameters:
γ =
Pm
Ky0
and ζ = ZcW
√
2y0
Kρ
. (6)
γ is the ratio between mouth pressure and the pressure
required to ompletely lose the reed hannel in stati
regime, while ζ mainly depends on mouthpiee onstru-
tion and lip stress on the reed and is linked to the max-
imum ow through the reed hannel (ζ equals quantity
2β in Ref. 2).
Linearization of Eq. (4) leads to the so-alled hara-
teristi equation:
Ye(θ) = ζ√γ
{
D(θ)− 1− γ
2γ
}
, (7)
whih an be split into real and imaginary parts:
Im (Ye(θ)) = ζ√γ Im (D(θ)) , (8)
Re (Ye(θ)) = ζ√γ
(
Re (D(θ)) − 1− γ
2γ
)
. (9)
At last, a dimensionless length krL = ωrL/c is intro-
dued.
C. Numerial tehniques
The unknowns θ, γ ∈ R+ satisfying Eq. (7) are numer-
ially determined for a range of bore lengths, parame-
ters (qr, ζ, ωr) being set. They orrespond to frequeny
and mouth pressure at instability threshold of the stati
regime. When various solutions exist for a given on-
guration due to the interation of the reed resonane
with the several bore resonanes, the threshold observed
experimentally by inreasing the blowing pressure is the
one having the minimum value of γ.
The harateristi equation is transendental and may
have an innite number of solutions. Zero nding is done
using the Powell hybrid method
31
, whih ombines the
advantages of both Newton method and saled gradient
one. A ontinuation tehnique is adopted to provide an
initial value to the algorithm: the rst resolution is done
for very high values of L (krL ≃30), i.e., for a nearly
non resonant reed (i.e., with neither mass nor damp-
ing, hereafter denoted the massless reed ase), where
f ≃ (2n − 1)c/4L and γ ≃ 1/3 (with n ∈ N∗). Bore
length is then progressively dereased and zero nding
for a given value of L is initialized with the pair (θ, γ)
solution of the previous solving (bore slightly longer).
Depending on the initialization of the rst resolution
(krL = 30), it is possible to explore the branhes asso-
iated with the suessive resonanes of the bore. When
reed resonane and bore antiresonane get loser to eah
other (krL → npi(n ∈ N)), fast variation of the pressure
threshold requires adjustment of the step size.
D. Results
Two kinds of behavior an be distinguished. For
strongly damped reeds (Fig. 1), the threshold frequenies
(dashed lines, result from Ref. 2) always lie either near
the reed resonane (θ = 1) or near the rst impedane
peak frequeny of the pipe (hyperbola θ = pi/(2krL), not
represented in the gure for readability), orresponding
to the rst register of the instrument. When the length
L dereases, pressure threshold gradually redues from
values assumed for the massless reed model to a mini-
mum point for krL ∼ pi/2, and then strongly inreases
as the pipe beomes shorter. When inreasing γ from
0, the loss of stability of the stati regime may give rise
to an osillating solution whih always orresponds to
the rst register sine the instability thresholds of the
higher registers our for higher values of mouth pres-
sure. On the ontrary, onsidering now slightly damped
reeds (Fig. 2), emerging osillations an our near higher
pipe resonanes. Indeed, for ertain ranges of L, the
pressure threshold assoiated with one partiular higher-
order register is lower than the pressure required to drive
the air olumn in the rst register. This lowest pres-
sure threshold is assoiated with the aousti mode, the
natural frequeny of whih being the losest to the reed
resonane.
These results show the inuene of reed damping on
seleting
• a larinetlike behavior with heavily damped ane
reed: preferene is given to the halumeau register,
i.e., the lowest register, or
• a lingual organ pipe behavior with very lightly
damped metalli reed: tuning is performed by ad-
justing reed vibrating length by means of a wire
adjusted on reed, see Ref. 32 for further details.
This notieable onlusion of Wilson and Beavers paper
gainsays von Helmholtz
33
, who stated that the dierenes
of behavior are linked to the mass of the reed.
E. Disussion
Despite the important results obtained by WB, dis-
repanies onerning numerial results and model limits
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FIG. 1. Dimensionless threshold frequenies (top) and pres-
sure (bottom) for a strongly damped reed: qr = 0.4, fr =
750Hz, β = 0.065. Results (dashed lines) and measurements
(squares) from Ref. 2; our numerial results (solid lines).
FIG. 2. Dimensionless threshold frequenies and pressure
for a lightly damped reed: qr = 0.008, fr = 700 Hz, β =
0.05. Results (dashed lines) and measurements (squares) from
Ref. 2; our numerial results (solid lines).
an be pointed out. In a validation phase of our numer-
ial algorithms, our results (see Fig. 1 and 2) were om-
pared to their ones (the data being extrated from their
artile), solving exatly the same equation. Dierenes
appear between numerial results onerning threshold
frequenies, approahing reed resonane when the length
dereases. Investigations pointed out model limits the
authors do not take into aount: linearization of ow
relationship is valid only while reed hannel is not losed
at rest, i.e., when Pm < Ky0. Using the linear form
for higher values of Pm would be meaningless, even for
free reed aerophones: the opening funtion (linked to
the reed displaement) taking part in ow alulation
an never be negative. For instruments for whih reed
beats against the mouthpiee, reed hannel is ompletely
losed and then sustained osillations annot our for
bore lengths where WB theory predits pressure thresh-
old above stati beating reed pressure by extending lin-
earization beyond model limits.
The fat that the dimensionless mouth pressure γ re-
mains lower than 1 implies the existene of a maximum
threshold frequeny for the osillation. We assume that
the maximum value θ
max
is assoiated with the maximum
value of γ (i.e.,1). No theoretial proof is given here, but
this assumption is observed in all numerial results ob-
tained. Then the solution θ
max
is given by
Ye(θmax) = ζD(θmax), (10)
whih leads to relation
1− θ2
max
= ζ Re (Ze(θmax)) > 0 (11)
as the bore is a passive system. As a onlusion, it is not
possible to play sharper than a frequeny slightly at-
ter than the reed-lip-mouthpiee system resonane fre-
queny, the deviation to this latter being linked to the
losses in the bore.
F. Minimum pressure threshold: Improved playability for
interating resonanes
For eah value of qr, there exists one or more ranges of
bore lengths where playability is greatly improved. In-
deed, pressure threshold urves show a minimum for a
ertain value of krL, denoting an inreased easiness to
produe the note orresponding to this length. Assoi-
ating a larinet mouthpiee with a trombone slide, in-
formal experiments onrm that it is easier to produe
some notes than other ones. Analytial approximated ex-
pressions for the minimum have been investigated. Un-
der the assumption that this minimal value is obtained
for an emerging frequeny loated lose to the reed reso-
nane, and therefore is mainly determined by reed damp-
ing, bore losses an be ignored Re (Ye(ω)) = 0, Eq. (9)
leading thus to:
γ =
1
1 + 2Re (D(θ))
. (12)
In the massless reed model (D(θ) = 1), threshold pres-
sure is equal to 1/3 and frequenies orrespond to fre-
quenies for whih the imaginary part of the bore input
impedane vanishes, whih is onsistent with results al-
ready published
34
. The minimum pressure threshold o-
urs at a maximum of Re (D(θ)) :
Re (D(θ)) =
1− θ2
(1 − θ2)2 + (qrθ)2 , (13)
obtained for θ =
√
1− qr (whih is onsistent with the
approximation θ ≃ 1), thus,
γ0 =
qr(2− qr)
2 + qr(2− qr) , (14)
nearly proportional to qr for lightly damped reeds.
In order to evaluate the eet of bore losses on this
minimum pressure threshold, a one-mode resonator with
losses is now onsidered:
Ye(ω) = Yn
(
1 + jQn
(
ω
ωn
− ωn
ω
))
, (15)
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where Yn is the minimum amplitude of the admittane
and Qn is the quality fator; Eqs. (8) and (9) beome
Yn + ζ
1− γ
2
√
γ
= ζ
√
γ
1− θ2
(1− θ2)2 + (qrθ)2 , (16)
YnQn
(
θ
θn
− θn
θ
)
= −ζ√γ qrθ
(1− θ2)2 + (qrθ)2 . (17)
Ignoring the variation of Yn with the length of the bore,
the derivation of Eq. (16) with respet to krL leads to
a minimum value of the funtion γ = f(krL) for θ
2
min
=
1− qr and γmin solution of equation
Yn
ζ
√
γ
min
+
1− γ
min
2γ
min
=
1
qr(2− qr) , (18)
whih the rst-order solution is given by
γmin ≃ γ0
(
1 + 2
Yn
ζ
√
γ0
)
(19)
obtained for
ωn = ωr
(
1− qr
2
+
1
2Qn
+
ζ
2YnQn
√
qr
)
. (20)
For an open/losed ylinder ωn = (2n − 1)pic/2L, the
result is
(krL)min ≃ (2n− 1)pi
2
(
1 +
qr
2
− 1
2Qn
− ζ
2YnQn
√
qr
)
.
(21)
Typial values Yn = 1/25, ζ = 0.4, and qr = 0.4 lead to
an inrease in γmin relative to γ0 of about 8%, onrming
the preponderant eet of reed damping on the minimum
pressure threshold.
In order to understand how oupling aoustial and
mehanial resonanes ould redue pressure threshold
over a wider bore length range, the neighborhood of the
previously mentioned minimum has been studied. Using
again a single aoustial mode for the alulation, deriva-
tion of a paraboli approximation was possible. Writing
γ = γ
min
(1+ ε2), θ2 = θ2
min
+ δ and ωn = (ωn)min(1+ ν),
with ε, δ, and ν small quantities, the Taylor expansion
of Eqs. (16) and (17) with respet to these values leads
to the next relationships:
ε2 ∼ δ2/(2q2r), (22)
2q2rYnQn(δ − 2ν) = −δζ
√
qr. (23)
Finally, near the minimum pressure threshold, depen-
dene on bore length is given by
γ = γ
min

1 + 2qr(
q3/2r +
ζ
2YnQn
)2
(
krL− krLmin
krLmin
)2

 .
(24)
In a rst approximation, the aperture of the approxi-
mated parabola, thus the width of the range for whih
osillation threshold is lowered, is mainly ontrolled by
the musiian embouhure, i.e., by reed damping and lip
stress on the reed. This means that, thanks to its em-
bouhure, the player an expet an easier prodution of
tones for ertain notes.
For a lossy ylindrial open/losed bore, modal ex-
pansion of input impedane gives YnQn = ωnL/2c =
(2n − 1)pi/4 so that bore losses do not seem to have a
great inuene on playing faility, at least when onsid-
ering minimal blowing pressure γmin (Qn does not appear
alone in rst order alulation). On the ontrary, they
are essential for understanding the extintion threshold
phenomenon
35
, i.e., when the reed is held motionlessly
against the lay.
III. MODEL IMPROVEMENTS
Last four deades have been fruitful in physial mod-
eling of musial instruments, espeially for single reed
instruments. Pipes have been the fous of a great num-
ber of studies sine Benade
36
, as well as the desription of
peuliarities of the ow (Bakus
3
, Hirshberg
26
, and Dal-
mont et al.
27
). The aim here is to try to redue disrepan-
ies between WB experiments and theory, based on some
of those investigations whih look relevant to the study of
osillation threshold. In a real larinet-player system, the
voal trat may have an eet on the osillation threshold
(see, e.g., Ref. 37). However, the use of porous material
in the WB apparatus suggests that aousti interation
between the hamber and the mouthpiee has been an-
eled or at least strongly redued. Therefore we do not
disuss the eet of the upstream part.
A. Visothermal losses model and vena ontrata
It should be notied that there is a gap in pressure
threshold values between experiment and theory in WB
artile. This ours even for long bores when reed dy-
namial behavior should not deviate from the ideal spring
model (beause of an emerging frequeny muh smaller
than ωr). For that ase, Kergomard et al.
21
provided
an approximated formula taking into aount both reed
dynamis and bore losses that an be extended to
γ ≃ 1− θ
2
n
3− θ2n
+
2Re (Ye(θn))
3
√
3ζ
, θn = (2n−1) pi
2krL
. (25)
θn orresponding to the nth resonane frequeny of the
bore. In omparison with ideal model (lossless bore and
massless reed, i.e., γ = 1/3), additional orretive terms
are onsidered in Eq. (25), one lowering pressure thresh-
old due to the ollaboration of the resonant reed, the
other one requiring higher blowing pressure due to dissi-
pation in the bore. Aording to this approximated ex-
pression, pressure thresholds depend on the mouthpiee
parameter and on bore dissipation at playing frequeny.
Now fous is done on using realisti values of ζ and
Ye(θ), assuming aousti losses in larinetlike bore to be
due mainly to visothermal dissipation (Ref. 36). Other
kinds of losses suh as nonlinearity loalized at the open
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end of a tube are negligible sine study is done at osilla-
tion threshold, i.e., for very small amplitude osillations.
Simpler model (Raman's model) has been reently in-
vestigated by Dalmont et al.
35
and led to satisfatory
osillation threshold of the fundamental register of the
larinet when operating frequenies are muh lower than
the reed natural frequeny (the reed being onsidered as
an ideal spring). In the present study, the magnitudes of
the higher order impedane peaks need to be orretly es-
timated so that neither the loss model of Raman nor that
of Bakus
3
may be realisti enough. Pressure thresholds
would be inaurate when higher-order modes of bore
osillate rst.
The standard formula for the input impedane will be
hene onsidered:
Ze(ω) = jZc tan (kL) with jk = jω
c
+ η
√
jω
c
(26)
where η is a oeient quantifying the visothermal
boundary layers, equals to 0.0421 in mks units for a
7mm radius ylinder. This model introdues dissipa-
tion and dispersion and leads to a zero valued impedane
at zero frequeny, whih is still onsistent with the lin-
earization of ow relationship with a zero mean value of
aousti pressure. In this expression, visothermal eets
are ignored in the harateristi impedane (see Ref. 34).
Equation (26) leads to peak magnitudes dereasing with
length L, whereas they are not sensitive to L in Bakus
empirial expression. A diret onsequene is that the
pressure threshold inreases as the resonator lengthens.
Another eet may our and modify pressure thresh-
old. Hirshberg
26
and Hirshberg et al.
38
brought to at-
tention on vena ontrata phenomenon: due to sharpness
of edges, ow separation may result in the formation of a
free jet in reed hannel, this ontration eet resulting
in a jet ross-setional area smaller than the reed han-
nel opening. Reent investigations
39
applying the lattie
Boltzmann method to the reed hannel onrm previous
experiments
40
. The assumption of onstant vena on-
trata is valid in some spei ases, for short hannel
geometry, but there is no proof yet that this eet is sig-
niant for a real larinet mouthpiee. Here small vibra-
tions of the reed near osillation threshold are onsidered,
whih may indue little inuene of the ow unsteadiness
on the measured pressure threshold. So it is possible
26
to
inlude vena ontrata phenomenon by reduing the area
of the reed hannel Wy(t) by a oeient approximately
0.6, i.e., by multiplying ζ by this oeient.
Numerial investigations point out (see Fig. 3) that
taking into aount realisti losses and vena ontrata
phenomenon redues disrepanies in pressure thresh-
old, espeially for high values of bore length and for
a strongly damped reed, i.e., when reed dynamis has
a small inuene on osillation threshold. Nevertheless
pressure values experimentally obtained by WB still re-
main quite higher than the ones orresponding to the
modied model, while frequenies are unaltered.
An attempt to explain the disrepanies in threshold
measurements will be provided in Se. IV.
FIG. 3. Results with the model onsidering vena ontrata
phenomenon (thin line) and visothermal losses (thik line)
(same onditions as in Fig. 1). WB results are also realled
(dashed line).
B. Reed motion indued ow
The inuene of the reed is not limited to its resonane.
Sine Nederveen
41
and Thompson
42
, it is proved that the
ow entering through the reed opening is divided in one
part exiting the resonator and another part indued by
the reed motion. In fat, the vibration of the surfae of
the reed produes an additional osillating ow. Thus
the entering ow U an be written as
U(ω) = Ye(ω)P (ω) + Sr(jωY (ω)), (27)
where Sr is the eetive area of the vibrating reed related
to the tip displaement y(t). Alternately, a length ∆l
an be assoiated with the titious volume where the
reed swings. Dalmont et al.
13
reported typial values
of 10mm for a larinet. Nederveen41 linked ∆l to reed
strength (or hardness): ∆l may approximately vary from
6mm (strong reeds) to 9mm (softer reeds). These values
being small ompared to larinet dimensions, the reed
motion indued ow an be onsidered through a mere
length orretion in ommon work, but its inuene on
the interation between aousti resonator and reed is
not negligible on the threshold frequeny, as it is studied
now.
In a rst step, this eet is onsidered separately, all
losses being ignored (qr = 0 and η = 0). Equation (27)
oupled to Eq. (7) leads to the following system:
− Im (Ye) = kr∆l θ
1− θ2 , (28)
1
1− θ2 −
1− γ
2γ
= 0⇔ γ = 1− θ
2
3− θ2 . (29)
As seen previously, several frequeny solutions θ exist for
dierent pressure thresholds γ. Examination of Eq. (29)
as a funtion γ = f(θ) (for θ < 1) reveals that the so-
lution having the lowest threshold is the one being the
losest to the reed frequeny.
Approximations an be derived in some situations.
When playing lose to a bore resonane frequeny θn ≪
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FIG. 4. Comparing reed motion indued ow eet and
reed damping eet (∆l = 12mm and other onditions as
in Fig. 1): reed motion indued ow only (dashed lines),
reed damping only (dash-dotted lines), and both eets (plain
lines). WB experimental results are realled (squares).
1, the right-hand term in Eq. (28) is small, so that, with
Ye = −j cot (θkrL), the reed motion indued ow ats
merely as a length orretion:
∆l
1
1− θ2n
where θn =
(2n− 1)pi
2krL
. (30)
This approximation is valid when the onsidered bore
frequeny θn remains smaller than unity. An equivalent
approximated length orretion an be derived for the
eet of reed damping on frequenies from Eq. (8):
∆lq ≃ ζ qr√
3kr
. (31)
A trial and error proedure has been performed to adjust
the osillation frequeny. Very few iterations were needed
to exhibit a value for the reed motion indued ow (∆l ≃
12mm) higher than for the reed damping (∆lq ≃ 2mm)
in the onditions of Figs. 1 and 4. When aoustial and
mehanial resonanes are very lose (θ = 1−ε and θn =
1− εn), a seond-order expression an be dedued:
ε =
εn
2
(
1 +
√
1 + 2
∆l
Lε2n
)
, (32)
the apparition of a square root being typial of mode ou-
pling, making the ahievement of analytial expressions
diult. Then, when the bore length dereases enough
so that one of its resonanes inreases above the reed one
(θn > 1), the osillation frequeny approahes the reed
one until the intersetion point disappears for krL = npi
(see Fig. 5). Near the reed resonane, rst-order approx-
imations an be derived:
θ ≃ 1− 1
2
kr∆l tan (krL), (33)
γ ≃ 1
2
kr∆l tan (krL). (34)
1 rLk2/π=θ 1 rLk2/π2=θ 1 3 rLk2/π3=θ
θ
0
r )
2
θ−1(/l∆kθr )Lkθ(toc
FIG. 5. Graphial representation of Eq. (28) giving osilla-
tion frequeny at threshold: left-hand term − Im (Y) (thik
lines), right-hand term kr∆ lθ/(1 − θ
2) (thin line), and solu-
tions (markers).
These expressions are valid if tan (krL) & 0, i.e., krL &
npi. Aording to Eq. (29), when osillation frequeny ap-
proahes fr, the pressure threshold dereases to zero on-
trary to what happens when onsidering the reed damp-
ing eet.
Figures 4 and 6 show a numerial omparison of the
respetive eets of reed motion indued ow and reed
damping. The reed motion indued ow with ∆l =
12mm in Fig. 4 and 5mm in Fig. 6 adjusts the frequeny
deviation for both heavily and slightly damped reeds,
even when approahing reed resonane, and is prepon-
derant ompared to the damping eet. An example of
a mistuned length orretion parameter (∆l = 12mm)
is exhibited in Fig. 6, revealing a mismath of osilla-
tion frequeny. This latter seems to be mainly ontrolled
by the reed motion indued ow eet when approah-
ing the reed resonane frequeny. Classial approahes
(see, e.g., Ref. 41) for the alulation of playing frequen-
ies, ignoring the ow due to pressure drop, and searh-
ing for eigenfrequenies of the passive system inluding
the bore and the reed only are thus justied. It an be
notied that Eq. (28) was already given by Weber
43
in
the early 19th entury (see page 216), assuming a reed
area equal to the ylindrial tube setion. This theory,
used by several authors (see, e.g., Ref. 32), was disussed
by von Helmholtz
33
and Bouasse
44
, espeially onerning
the lak of explanation on the prodution of self-sustained
osillations. On the ontrary, threshold pressure urves
exhibit that both damping and additional ow have in-
uene on the pressure required for the reed to osillate.
So a ombination of the phenomena has to be taken into
aount, none of them being negligible in the onsidered
domain.
IV. GOING BEYOND INSTABILITY THRESHOLD
A. Linear stability analysis with modal deomposition
Analysis of the instability threshold an be performed
using omplex frequeny formalism. For a given ong-
uration of the whole system bore-reed-musiian (L, S,
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FIG. 6. Comparing reed motion indued ow eet and reed
damping eet (onditions as in Fig. 2): reed motion indued
ow only (∆l = 5mm: plain thin lines, ∆l = 12mm: dotted
line in upper graph only), reed damping only (dashed thin
lines), and both eets (plain thik lines). WB experimental
results are reaalled (squares).
ωr, qr, γ, and ζ being set), its omplex eigenfrequenies
sn = jωn − αn an be determined. The imaginary part
of sn orresponds to the frequeny, the real part αn be-
ing the damping of this mode, for the oupled linearized
system lose to the stati equilibrium state. Classially,
when the mouth pressure is below the osillation thresh-
old, all eigendampings αn are positive, the stati regime
being stable. An osillation may appear when at least
one mode of the whole system beomes unstable, i.e.,
when at least one of the αn beomes negative. Looking
for instability threshold an be done by varying a bifura-
tion parameter (either L, γ, or ζ) and examining the real
part of omputed eigenfrequenies. Two examples are
shown in Figs. 7 and 8. It is notieable that the frequen-
ies evolve only slightly with the bifuration parameter γ
and are lose to eigenfrequenies of either the bore or the
reed ( Im (jω/ωr) ≃ 1). For the rst example, the stati
regime beomes unstable for γ ≃ 0.28 and a frequeny
near the rst resonane of the bore (dot-dashed urves).
Other aousti resonanes (their frequenies being odd
multiples of the rst one) and reed resonane have higher
osillation threshold and remain damped for this ongu-
ration. For a longer tube (Fig. 8), instability appears for
γ ≃ 0.3 at a frequeny loated near the third resonane
of the bore [dotted line at Im (jω/ωr) ≃ 0.8 ≃ 3× 0.27℄,
the rst resonane beoming unstable for a larger mouth
pressure. The frequeny lose to the reed resonane (solid
urves) still remains damped.
Calulations may be simplied and aelerated by us-
ing a modal deomposition of the bore impedane Ze(ω):
this allows for the harateristi equation to be written
as a polynomial expression of jω, and optimized algo-
rithms for polynomial root nding an be used. Modal
expansion onsiders the N rst aousti resonanes of the
FIG. 7. Evolution of the omplex eigenfrequenies as a fun-
tion of mouth pressure γ. r = 7mm, ωr = 2pi × 1000 rad/s,
qr = 0.3, L = 16 cm (θ1 = 0.53 and krL = 2.96), and ζ = 0.2.
FIG. 8. Evolution of the omplex eigenfrequenies as a fun-
tion of γ. r = 7mm, ωr = 2pi × 1000 rad/s, qr = 0.3,
L = 32 cm (θ1 = 0.26 and krL = 5.91), and ζ = 0.2.
bore:
Ze(ω)
Zc
= j tan
(
ωL
c
− jα(ω)L
)
(35)
Ze(ω)
Zc
≃ 2c
L
N∑
n=1
jω
ω2n + jqnωωn + (jω)
2
, (36)
where modal oeients ωn and qn an be dedued ei-
ther from measured input impedane or from analytial
expression [Eq. (35)℄, assuming α(ω) to be a slowly vary-
ing funtion of the frequeny.
Comparison between diret alulation of osillation
threshold γ
th
using WB method and estimation using
modal deomposition and omplex eigenfrequenies om-
puting has been done. Whereas the diulties for the
rst method arise due to the transendental harateris-
ti equation, the seond one requires alulation of eigen-
values for various values of the mouth pressure γ, using
an iterative searh of the instability threshold. The num-
ber of modes taken into aount has been hosen suh
that resolution of γ
th
is less than 0.01, whih is also the
tolerane used for the iterative searh. An example is
given in Table I for a heavily damped and strong reed.
It shows very good agreement between the two methods
for both γ and θ. This validation allows the use of the
omplex frequeny approah, whih results in an eient
algorithm that an be easily applied to more omplex res-
onators whenever a modal desription is available.
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krL θCF θWB ∆θ γCF γWB ∆γ
8.5 0.185 0.186 0.5% 0.43 0.43 0.1%
2 0.747 0.747 0.1% 0.30 0.30 0.6%
1 1.022 1.024 0.2% 3.86 3.82 1.0%
0.81 1.033 1.034 0.1% 8.77 8.71 0.7%
TABLE I. Comparison of pressure threshold and osillation
frequeny alulated using omplex frequeny formalism (in-
dexed by CF ) and Wilson & Beavers method (WB) for
r = 7mm, ωr = 2pi × 750rad/s, qr = 0.4 and ζ = 0.13.
The writing of the harateristi equation for a sin-
gle aousti mode exhibits the behavior of the oupled
osillators:[
ω2n + jω
(
qnωn +
c
L
ζ
1− γ√
γ
)
− ω2
]
× [ω2r + jqrωωr − ω2] = jω 2cL ω2r
(
ζ
√
γ + jω
∆l
c
)
.
(37)
Coupling realized by the ow in the reed hannel mod-
ies the damping of the aousti mode: in addition to
the usual term (orresponding to visothermal losses and
eventually radiation), damping is inreased by a quantity
related to mouth pressure and stress on the reed. This
may be regarded to as a resistive aousti behavior at the
bore entrane.
Assuming that a linearized model is still relevant dur-
ing the growth of osillations (before the amplitude sat-
uration mehanism appears), this approah an be ex-
tended to investigate the transient response of the ou-
pled system. Charaterizing the degree of instability
of the system by σ = minn αn, the slope of the urve
σ = f(γ) gives an information about the instability de-
gree of the system when the mouth pressure is slightly
higher than the osillation threshold. A great slope
would orrespond to a very unstable onguration and
a quik growth of osillation, whereas nearly onstant
urve would lead to a small ampliation oeient and
slowly rising vibrations and then to longer transient at-
tak before stabilization of the magnitude of osillations.
Links between the omputed eigenfrequenies of the ou-
pled system presented here and the transient behavior
have still to be investigated.
B. Mouth pressure required to obtain a given (small)
amplitude
The previous setions of the paper deal with the stabil-
ity of the stati regime, looking for the ondition to make
a bifuration possible. Some developments onerning
the existene of osillating regime above the threshold
are derived now. Neither stability of osillation nor tone
deviation issue will be disussed here.
Grand et al.
20
suggested the introdution of the lim-
ited Fourier series of pressure in the massless reed ase.
The tehnique is the harmoni balane applied to osil-
lations of small amplitudes. Calulations are done here-
after by taking into aount the reed dynamis in the
volume ow relationship, whih does not appear in the
mentioned paper. Fourier series of the volume ow de-
pends on Fourier omponents of signal Pm − p(t) and
y(t). Assuming steady state osillations with angular fre-
queny ω, the dimensionless signals are written as
p(t) =
∑
n6=0
pne
njωt, u(t) = u0+
∑
n6=0
Ynpnenjωt, (38)
y(t)
y0
= (1− γ) +
∑
n6=0
Dnpne
njωt, (39)
where Yn = Ye(nω) and Dn = D(nω) are the values of
dimensionless bore admittane and reed transfer funtion
for angular frequeny nω. The volume ow relationship
is rewritten as
u2(t) = ζ2 (y(t)/y0)
2 (γ − p(t)). (40)
Sustained osillations of very small amplitude are stud-
ied, assuming that p1 is a non vanishing oeient on-
sidered as a rst-order quantity. Notations CEn and
F(nm)
are introdued:
CEn = Yn/(ζ√γ) + 1− γ
2γ
−Dn, (41)
F(mn)
= F(nm)
= DnDm − 1− γ
γ
(Dn +Dm)− YnYm
ζ2γ
(42)
Canellation of CEn for given ω and γ means that the
harateristi equation (7) is solved for nω and γ. Ex-
panding Eq. (40) leads to
0 =
[
u20
ζ2γ
− (1 − γ)2
]
+ 2(1− γ)
∑
n6=0
[
u0Yn
ζ2γ(1− γ) −Dn +
1− γ
2γ
]
pne
njωt
−
∑
n,m 6=0
F(nm)
pnpme
(n+m)jωt
+
1
γ
∑
n,m,q 6=0
DnDmpnpmpqe
(n+m+q)jωt.
(43)
It is here assumed that pn is of order |n| (with p−n = p∗n)
(see, e.g., Ref. 20). The ontinuous omponent of the
volume ow is alulated up to order 2:
u20
ζ2γ
=(1− γ)2 +
∑
n6=0
F“+n
−n
”|pn|2
− 1
γ
∑
n,m,n+m 6=0
DnDmpnpmp
∗
n+m
≃(1− γ)2 + 2F“+1
−1
”|p1|2 + o(p21)
(44)
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so that, onsidering u0 to be real
u0 ≃ ζ√γ(1− γ)

1 + |p1|
2
F“+1
−1
”
(1 − γ)2

+ o(p21). (45)
From Eq. (43), the frequeny (Nω) is extrated for
N ≥ 1:
0 = 2(1− γ)
[
DN − 1− γ
2γ
− u0Yn
ζ2γ(1− γ)
]
pN
+
∑
n6=0
F( nN−n)
pnpN−n
− 1
γ
∑
n,m 6=0
DnDmpnpmpN−n−m. (46)
For N ≥ 2, Taylor series expansion up to order N is
applied: in the rst sum, only terms orresponding to
0 ≤ n ≤ N ontribute at order N , while, in the seond
one, the terms to onsider are the ones for whih 0 <
n < N and 0 < m < N − n. The omponent pN an be
dedued from the sequene (pn)0<n<N :
pN =
1
2(1− γ)CEN
[ ∑
0<n<N
F( nN−n)
pnpN−n
− 1
γ
∑
0<n<N
0<m<N−n
DnDmpnpmpN−n−m
]
+ o(pN1 ). (47)
As an example, for N = 2, the seond sum being empty:
p2 ≃
F(11)
p21
2(1− γ)CE2 + o(p
2
1). (48)
As expeted and in agreement with the so-alled Wor-
man rule
18
, higher omponents appear to be higher or-
der quantities: order 2 for p2, 3 for p3, 4 for p4, et.
Fous is now given to fundamental frequeny. Calu-
lations are done up to order 3:
0 =2(1− γ)
[
D1 − 1− γ
2γ
− u0Y1
ζ2γ(1− γ)
]
p1
+
∑
n6=0,1
F( n1−n)
pnp1−n
− 1
γ
∑
1−n−m,n,m 6=0
DnDmpnpmp1−n−m
≃2(1− γ)
[
D1 − 1− γ
2γ
− u0Y1
ζ2γ(1− γ)
]
p1
+ 2F( 2−1)
p2p
∗
1 −
1
γ
D1p1|p1|2(D1 + 2D∗1)
(49)
Replaing u0 and p2 gives
|p1|2 ≃ 2(1− γ)
2
CE1
F(11)
F“+2
−1
”
CE2
− 2Y1
ζ
√
γ
F“+1
−1
” − 1− γ
γ
(D21 + 2|D1|2)
.
(50)
The limitation to the rst harmoni method ignoring the
inuene of pn≥2 on the amplitude |p1| leads to
|p1|2 ≃ 2(1− γ)
2
CE1
− 2Y1
ζ
√
γ
F“+1
−1
” − 1− γ
γ
(D21 + 2|D1|2)
. (51)
In their paper, Grand et al.
20
stated that the proedure
used in a rst simplied ase an be applied to a model
inluding reed dynamis provided that Ze(ω) is replaed
by Ze(ω)D(ω). Conlusion is not so straightforward as
reed dynamis also interferes with the volume ow rela-
tionship ontributing to a more omplex expression for
the rst omponent amplitude. Aording to their work,
Dn terms would only our with Yn in the expression of
|p1|2 whih is not the ase.
FIG. 9. Comparison of |p1| omputed with the harmoni bal-
ane for small osillations for various values of krL: from
thin to thik lines, krL = 9, 5, 4, 3, 2, 1.8, 1.5, 1.25 (∆l = 0,
qr = 0.4, and fr = 1050Hz).
In Fig. 9 are shown the bifuration diagrams for a heav-
ily damped reed. From the attest tone (krL = 9.00) to
the sharpest omputed (krL = 1.25), osillations with
very small amplitudes are possible as the diagrams show
Hopf bifurations that are superritial, i.e., diret, for all
the omputed ases. On the other hand, for ases where
osillation frequeny is losed to the reed one (Fig. 10),
a subritial Hopf bifuration ours for a range of bore
length, with a very small pressure threshold linked to
the interation of reed resonane with the seond bore
resonane: the bifuration is there inverse.
In aordane with Grand et al.
20
, it appears that the
bifuration is not always diret. There exist ongura-
tions for whih omputed bifuration diagram shows a
subritial pithfork, i.e., small osillations for values of
pressure below stati regime instability threshold. The
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FIG. 10. Comparison of |p1| omputed with the harmoni
balane for small osillations for 14 values of krL regularly
spaed between 3.6 and 4.20 with a lightly damped reed (∆l =
0, qr = 0.01, and fr = 1050Hz).
boundary between the two ases is not trivial to ex-
plore analytially, requiring the mathematial study of
Eq. (50). Alternately numerial exploration of param-
eter spae an lead to some partial observations. One
of them is that the bifuration seems to be diret when
the osillation frequeny is lose to one of the bore reso-
nanes.
The limit of alulations derived here needs to be em-
phasized. When |p1| tends to zero, the osillation fre-
queny is the one for whih the harateristi equation
is solved (CE1 = 0). Higher omponents (the seond
one here at the rst-order approximation) have a non-
negligible inuene only if CE2 beomes small too when
approahing osillation threshold, i.e., if the harater-
isti equation aepts the solutions ω and 2ω for two
lose values of mouth pressure: CE1 and CE2 are small
simultaneously. Inverse bifuration may our in the de-
generate ase of simultaneously destabilization of stati
regime for a frequeny and its otave. This onsidera-
tion an be extended to the more general ase of CE1
and CEN (N ≥ 2) aneling an equal mouth pressure
value.
As a onlusion, the nature of the bifuration depends
on the roots of the harateristi equation (7): this gen-
eralizes the results of Grand et al.
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V. CONCLUSION AND PERSPECTIVES
Two omponents of the volume veloity at the input
of the resonator at on the osillation threshold values:
the rst one is due to the pressure drop between mouth
and mouthpiee, while the seond one is due to the reed
movement. Roughly speaking, the rst one has a mainly
resistive eet, either passive or ative, the seond one
having a mainly reative eet. This remark an be re-
lated to the behavior of the threshold pressures and fre-
quenies. Conerning the frequenies, the seond eet
is preponderant, at least for the ases studied by Wilson
and Beavers, and it an justify the historial method due
to Weber
43
regarding the playing frequenies as eigenfre-
quenies of a passive resonator. Conerning the pressure
thresholds, the ow due to the pressure drop is essen-
tial, and the model based on Bernoulli equation used by
Wilson and Beavers
2
seems to be satisfatory, but taking
into aount the ow due to reed movement is neessary,
and improves the results of the authors, mainly for lightly
damped reeds.
Disrepanies between Wilson and Beavers' experi-
mental results and numerial ones still remain. Can this
be due to the nature of the bifuration at threshold? For
a larinetlike funtioning, i.e., for strongly damped reeds,
numerial alulation of small osillations proves that it is
superritial, onrming the works ignoring reed dynam-
is, while it is not sure for lightly damped reeds. Further
experimental investigations are planned to onlude on
the nature of the bifuration on real larinets. Another
unknown onerns the aousti impedane of the air sup-
ply devie and of the mouth avity.
Conerning the possible generalization of this work,
other kinds of either resonators or reeds should be stud-
ied, as, e.g., in Ref. 8. Some authors of the present paper
reently obtained simplied theoretial results for an out-
ward striking reed by using a similar method of investi-
gation based on a single degree of freedom reed model
45
.
Calulations with several DOFs for the reed remain to
do, espeially for lip reed instruments (see Ref. 11), even
if reent works dediated to voal folds have been done
(see Ref. 12). Finally, the study of transient sounds an
be made easier with a good knowledge of the linearized
funtioning of reed instruments.
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